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FORE WORD 

This annual summary report descr ibes  work performed from 
March 10, 1964, through March 31, 1965, on NASA Contract NAS7-275, 
' 'Experimental Investigation of the Fundamental Modes of a Collisionless 
Plasma.'' 
Malmberg and the General Atomic project number is 407. 
monitor is  Dr.  Karlheinz Thorn. 

The General Atomic principal investigator i s  Dr .  John H. 
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ABSTRACT 

The dispersion relations for the electrostatic waves in collisionless 
plasma have been measured near the electron cyclotron frequency. Sev- 
e r a l  waves a r e  observed,including the Col backward wave between the 
cyclotron frequency and the upper hybrid frequency and the plasma per-  
turbed Te,, wave guide mode. The cyclotron waves a r e  heavily damped. 
The experimental techniques necessary for  the measurement  a r e  described. 
The Landau damping of the electrostatic modes of a plasma with finite r a -  
dial  dimensions i s  investigated theoretically. The growth of these electro- ' static modes due to  a beam whose energy depends on radius i s  a lso calcu- 
lat ed. 
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INTRODUCTION 

This report  covers both the development of experimental  tech- 
niques necessary f o r  the investigation of the fundamental modes of a 
collisionless plasma and the theoretical and experimental  resul ts  obtained. 
It i s  appropriate to  evaluate the accomplishments of the project,  by compar- 
ing the resul ts  obtained with the original statement of work for  the con- 
t r ac t ,  namely: 

1 .  To measure  the wavelength a s  a function of frequency of 
plasma waves near the electron cyclotron frequency; 

To  measu re  spatial  attenuation of these waves; 

To determine the effect on these waves a s  the plasma 
properties a r e  varied systematically; and 

To develop theoretical dispersion relations for plasma waves 
in non-uniform plasmas. 

2. 

3 .  

4 .  

The experimental  techniques necessary to  measu re  the dispersion 

A preliminary report  of this 
relations of the plasma waves have been developed, and the measurements  
called for in i tems 1 and 3 have been made. 
work has been given at  a scientific meeting ( see  Appendix I )  , and these 
experimental  resul ts  w i l l  be the subject of a scientific publication in the 
immediate  future.  The spatial  attenuation of these waves has been meas-  
ured, but we do not yet consider these measurements  satisfactory,  princi- 
pally because of interference from a number of other waves in the same 
frequency range. 
waves,  in addition t o  those for  the cyclotron wave we originally intended 
to  investigate. We have a l so  begun the study of low-level low-frequency 
turbulence in  the machine, which interferes  somewhat with the wave t rans-  
miss ion  measurements .  This turbulence i s  a lso worth investigating because 
of i t s  production of anomalous diffusion, animportant phenomena in many 
applications. 
Section I11 of this report .  

We have measured dispersion curves f o r  these other 

Experimental  results a r e  described in some detail in 

The theoretical  work has concentrated on developing dispersion 

Most of the work 
relations (including the "imaginary part" which predicts wave growth and 
damping) for  plasma waves in non-uniform plasmas.  
has  been based on the plasma geometry obtained in our machine, i. e .  , a 
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long column, of finite radius,  with a smoothly varying, radial  density 
profile. The results a r e  described in Section I1 of this report ,  while the 
detailed calculations a r e  presented in Appendices I1 and 111. A paper r e -  
porting this work i s  in preparation and w i l l  be submitted for publication 
in  the scientific l i terature .  

The scientific objectives for the first year of the project have been 
substantially obtained. The work has  a lso led t o  a number of interesting 
new problems which, together with refinement of the results a l ready ob- 
tained, w i l l  be pursued during the current one-year extension of this  
program. 
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I1 

THEORETICAL RESULTS 

The principal theoretical  problems ar is ing in connection with the 
cyclotron wave measurements  a re  associated with deriving expressions,  
in a range of pa rame te r s  appropriate for the machine, for  the dependence 
of frequency on wave number and for  the growth and damping r a t e s  of the 
waves. In par t icular ,  it i s  desirable to predict  the effects on the d isper -  
sion relation of finite plasma temperature and of a radial  variation in 
density for  both the upper and lower branch space-charge waves. 

We have obtained a general expression for the decay ra te  in t ime 
of both modes as a resul t  of Landau damping in the presence of a radial  
den s i ty g r a die nt::: : 

where 

0 

and 

0 

J, -,- 
See a l so  Appendix I1 of this report .  
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depend on measured density and potential profiles. This result  reduces 
to  the usual expression for Landau damping a t  long wave lengths and low 
frequency (lower branch), and to that for cyclotron damping for higher 
frequencies (upper branch). 
gradient is  essential to  the latter result; in a homogeneous plasma,  a 
longitudinal wave i s  not damped a t  the cyclotron frequency. 

It i s  to  be noted that the presence of a density 

If a monoenergetic beam of electrons i s  injected into the experi- 
mental  apparatus f rom the end, the electrons w i l l  acquire a radially 
dependent energy spectrum in the plasma due to  the local radially depend- 
ent electric potential. 
ra te  f o r  lower branch waves having the proper phase velocity. 
beam density and energy properly and "shaping" the beam with a template 
a t  the injection point, it  i s  possible to introduce a growth r a t e  in a variety 
of fo rms ,  in  particular the "gentle bump" instability of quasi-l inear theory. 
Without this energy spreading, the injected velocity distribution is  a delta 
function and produces a "two- s t ream" instability. The non-linear effects  
associated with the delta function distribution a r e  much harder  to  analyze 
than those associated with the "gentle-bump" case.  
f rom the result of Eq. (1). 

This effect can be utilized to  produce a finite growth 
By choosing 

The analysis proceeds 
(See also Appendix 111.) 

Prel iminary calculations indicate that the resul ts  of Trivelpiece 
1 and Gould 

be generalized in the case of a smoothly varying radial  density. 
tigation of the finite temperature  dependence of the upper branch and an 
analysis of the mechanisms of propagation and decay for this branch in 
greater  detail is a lso planned. 

for finite-size effects on the upper branch of the W ,  k plot must  
An inves- 
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111 

EXPERIMENTAL RESULTS +' 

I 

At the beginning of this program, there  already existed a t  General  
Atomic a machine for producing a plasma suitable f o r  these experiments.  
In addition, the so-called ' ' lower branch" space charge waves had been 

and of the measurements  on the lower branch wave3 ,' have been published. 
However, to  measure  the dispersion of the cyclotron waves,  the diagnostic 
techniques needed to  be improved. 
to observe this wave than i s  necessary f o r  the lower branch, for  reasons 
which a r e  not yet clearly understood. 
by experimentalists elsewhere and in the past has prevented the tracing 
out of cyclotron wave-dispersion curves.  
of the experimental  effort were  largely devoted to engineering and diag- 
nostic improvements.  

extensively investigated under other support. Descr i  tions of the machine 2 

Much greater  sensitivity is  necessary 

This difficulty has been encountered 

Therefore ,  the f i r s t  few months 

The experimental  procedure i s  a s  follows: Two probes,  each con- 
sisting of a single radial  wire about 8 cm long, a r e  placed in  the plasma 
in the central  portion of the experimental apparatus.  One probe i s  con- 
nected to a t ransmit ter  and the other, by coaxial cables y to a receiver .  
By comparing the phase of the received signal with that of the transmitted 
signal (with the use of a microwave interferometer) ,  the phase shift in the 
plasma may be determined a s  a function of probe separation, and thus the 
wavelength may be measured.  
received wave versus  position gives the damping length. 
f o r  the present program was to  redesign and rebuild the probe manipula- 
t o r s ,  which were not sufficiently sophisticated for this work, and to  t r ans -  
duce their  position for  direct  plotting. 
re t racted 3 -  1/2 in . ,  and a transducer has been installed on this motion so 
that floating potential, saturation currents ,  and wave power may be auto- 
matically plotted on the x-y recorder a s  a function of radius.  The probe 
may sti l l  be moved longitudinally the full length of the machine,  and this  
motion is  a l so  transduced. 
mechanically to  eliminate the binding and jamming troubles we have pre-  
viously had with the longitudinal motion. 
manipulator has a lso been greatly improved. 

A measurement  of the amplitude of the 
The first step 

The probes may now be radially 

The new manipulators have been improved 

The accuracy of the angular 

A difficulty with a transmission experiment of this kind has been 
the problem of sorting out plasma wave effects f rom direct  electromagnetic 
coupling between the probes.  
electromagnetic coupling by surrounding the plasma with a stainless steel tube 

We have achieved a very large reduction in 
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designed as  a waveguide beyond cutoff. We  have t r ied  tubes of various 
sizes f rom 3 in. to  6 in. For the 3 in. tube, we obtain an  attenuation of 
about 9 dB/cm o f  separat ion,  which is satisfactory for our purposes.  As the 
tube i s  slotted almost full length, the probes can still be moved longitudi- 
nally. 

F o r  our f i r s t  transmission experiments, we used a swept-frequency 
t ransmit ter  and a wide-band receiver which displayed the detected signal 
on an  oscilloscope. A system of this type does not have sufficient sensi-  
tivity or  signal-to-noise ratio to  permit  observation of the t ransmission of 
heavily damped waves. 
and damping of waves that a r e  heavily damped, we have had to  devise a 
more  sensitive detection scheme. We now use  a t ransmi t te r  se t  a t  a 
single rf frequency and chopped at a few kilocycles. The receiver  includes 
a sharp,  high-frequency f i l t e r ,  a s t r ing of broad-band amplifiers,  an  rf 
detector,  a video amplifier, and a coherent detector operatsed a t  the t rans-  
mit ter  chopping frequency. The rf bandwidth is thus a few hundred kilo- 
her tz ,  and the video bandwidth of the coherent detector i s  a few hertz .  The 
resultant improvement in the signal-to-noise ratio increases  the usable 
sensitivity of the receiver by 40 o r  50 dB. 

Since much of our interest  is  in  the t ransmiss ion  

An even greater  improvement in  signal-to-noise ratio may be ob- 

In this case, the phase reference path fo r  the interferometer  i s  not 
tained by measuring the amplitudes of the peaks of the interferometer  out- 
put. 
chopped, but the rf signal t o  the transmitting antenna i s .  The phase re fer -  
ence signal i s  made large enough to  operate the crystal  detector well above 
the insensitive, square-law region. That par t  of the output signal f r o m  the 
interferometer  crystal  which i s  coherent with the t ransmit ter  chopping f r e -  
quency i s  t ime-averaged and detected. This system i s ,  i n  effect ,  a double 
coherent-detector. The interferometer so r t s  out signals a t  the rf frequency 
of the t ransmit ter  and in phase with it, with a bandwidth about equal to the 
chopper frequency, i. e . ,  - 1 kHz. That par t  of the envelope of such signals 
that agrees  in  frequency and phase with the t ransmi t te r  chopping frequency 
is  time-averaged and displayed on the x-y recorder .  Thus, the system de- 
tects  coherently a t  the rf frequency and again at the chopper frequency, 
resulting in a n  ultimate bandwidth, determined by the final averaging t ime,  
of a few her tz .  
negligible in the final received signal. All of the signal seen comes f r o m  
the t ransmi t te r  and i s  due t o  transmitted waves. It is c lear ,  however, that 
while this scheme eliminates confusion with noise in the receiver ,  i t  does 
not eliminate the influence of the noise spectrum in the plasma on the dy- 
namics of wave t ransmission.  
m a  which generate noise on the receiving probe in the absence of a t rans-  
mitted signal also modify the wave t ransmission.  
point presently,  and this modulation w i l l  be observed in the received signal. 

This bandwidth i s  sufficiently smal l  that plasma noise i s  

That is t o  say,  those processes  in the plas- 

We w i l l  re turn  t o  this 

Y 

0 
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We have made a s e r i e s  of measurements  with Langmuir probes on 
the geometry and parameters  of the plasma. In a typical case,  we have a 
radius of 7mm, a length of 230 cm, a density of 5 X l o 8  electrons cm- , a 

(mostly Hz). The density may be varied f rom about 1 X 10 

set  the plasma frequency either above or  below the cyclotron frequency. 
The plasma density fa l ls  about a factor of 10 in  the length of the machine, 
because ions a r e  migrating radially ac ross  the magnetic field and striking 
the shield. 

3 
temperature  of 12 f 3 eV, and a neutral density of 5 X lo1 '  molecules cm- 3 

3 X 10 9 by varying the duoplasmatron a r c  current .  

8 to about 
Hence we a r e  able to  

F o r  ear ly  t ransmission experiments near  the electron cyclotron 
frequency, a slow-wave helix surrounding the plasma column was used t o  
launch the waves. This geometry should preferentially couple t o  plasma 
waves of short  wave length. 
surrounded by a wave-guide-beyond-cutoff s t ructure  for  electromagnetic 
shielding. 

The helix was mounted on the ion t r a p  and 

The receiving probe was a small-diameter t ransverse  wire .  

The dispersion relation we observed for waves near  electron cyclo- 
The plasma frequency in this ca se  i s  t ron frequency i s  shown in Figure 1. 

l ess  than the electron cyclotron frequency but not smal l  compared with it. 
The low-frequency branch of the curve i s  a lso given in  Figure 1. The up- 
pe r  branch of the dispersion curve may be represented by the formula 

c 

f - f  = f v  /x  , 
C P 

where 

f = the t ransmi t te r  frequency, 
f c  = the  electron cyclotron frequency, 
X = the wave length of the transmitted wave, and 
v = 3 . 5  X lo8  cm-sec - l ,  for the case  exhibited in Figure 1. 

P 

The dispersion relation of this wave is that expected i f  the plasma dis t r i -  
bution function has  an  electron beam in the ta i l ,  with a velocity equal to v 
These waves appear to be resonant cyclotron waves on an electron beam 
in the plasma. We have been able t o  show that these beams were due t o  
secondary electrons generated by ions plowing into the wave-launching he- 
lix. In par t icular ,  the group velocity of these waves can 3e  accurately 
computed f rom the difference in potentials of the helix and the plasma.  
That i s ,  the group velocity i s  just equal to  the velocity of the secondary 
electrons in  the plasma. 
velocity changes correspondingly . 

P' 

When the ion t r a p  potential is changed, the group 

The existence of these beam-waves in the plasma is  an interesting 
effect ,  but not the one we set out t o  look fo r ,  so we have eliminated them 
by removing the helix and using probes to  launch the waves. This reduced 
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the wave launching efficiency, but by using improved instrumentation we 
have sti l l  retained sufficient resolution to  find cyclotron waves. 
electrons f rom the ion-trap suppressor grid a r e  still a minor problem for  
wave propagation in the upstream direction, leading t o  abnormal damping 
and, in some cases ,  even wave growth. Their  cur ren t  density is  too low 
to  cause an instability, and no effect on downstream propagation i s  evident. 
At least  th ree  (and perhaps more) distinct waves having resonances (wave- 
number becoming large)  a t  o r  near the electron cyclotron frequency have 
been catalogued. One has 
a velocity vcp > c and is  a forward wave. 
having a phase that r e t a rds  with frequency, i . e . ,  a backward wave. The 
fast  wave i s  apparently an  electromagnetic waveguide mode, perturbed by 
the plasma.  The slow wave is apparently the Col cyclotron wave, ' 3  5,  

Typically, the damping i s  10 to  30  dB per  wavelength. 
a r e  shown in F igures  2 ,  3 ,  and 4.  Only the "downstream" half of the w - p 
diagrams is  plotted, to  avoid any possible s t reaming effects of secondary 
electrons.  

Secondary 

Two waves l ie above the cyclotron frequency. 
The other is a slow wave", 

having a propagation cutoff at  the upper hybrid frequency, fuh = (fb 2 t f p  2 *  ) . 
Dispersion curves 

Below the cyclotron frequency, there  appear t o  be severa l  waves. 
The fastest  of these,  fairly certainly, is a plasma-perturbed TEmn wave- 
guide mode, mentioned above. 
mode in a waveguide whose cross-sect ion i s  l / l0-f i l led with plasma.  We 
have a plasma column of about 2-cm diameter inside a 12-cm diameter  
tube,  which i s  a reasonable f i t ,  if the radial  density gradients a r e  accounted 
for .  The dispersion for this wave is very similar to that for a whistler.  J 

Its dispers ion curve matches that for  a T E l l  

The other "cyclotron waves" may be higher modes,  that  i s ,  those 
having circumferential  field variations, but because of standing wave prob- 
lems  and heavy damping, there  i s  considerable uncertainty in interpretation 
of our presently accumulated data. 
may permit  clarification of these uncertainties.  
represent  higher mode cyclotron waves, they should exhibit Faraday  rota- 
tion, and we plan to  look for  this effect. Unfortunately, the waves a r e  
heavily damped and can be followed for  only a wavelength or two, making 
measurements  very difficult. The "whistler" mentioned above would a l so  
have Faraday rotation, except that the ordinary wave component i s  cut off 
by the waveguide cutoff, leaving only the elliptically polarized extraordinary 
component. 
found in our experiment.  

Recent improvements of the sys tem 
If any of these waves do 

No evidence for  polarization rotation of this wave has been 

The "lower branch" waves- -the conventional spacecharge waves of 
a warm,  finite plasma column- -have been extensively investigated at 
General  Atomic and elsewhere.  1 , 3 , 5 ,  
pers ion  curves here ,  since we use these waves in  a diagnostic manner 
aid us  in understanding the cyclotron wave charac te r i s t ics .  

We have plotted the measured dis-  
t o  
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Figures  2, 3 ,  and 4 show effects of various plasma densit ies and 
cyclotron frequencies on the cyclotron family of waves. 
made a prel iminary study of some of the effects of various electron tem-  
pe ra tu res ,  by adding a n  impurity of argon to  the hydrogen in an  attempt to 
decrease  Te f rom its usual 6 to  12 eV down to  
occurrence of a tempera ture  decrease is meager ,  but seems encouraging. 
The (collisionless) damping of the lower branch, which is a measure  of the 
plasma temperature ,  can be  decreased drast ical ly  at any particular f r e -  
quency and wavenumber, by empirically adjusting the rat io  of the H2 and 
A part ia l  p re s su res .  The data plotted in Figure 5 were obtained for  H2 in 
the plasma source in the normal  manner. 
a wavelength of 2 cm,  was chosen. 
f rom 1 .8  t o  1.4 X t o r r .  The waves vanished. Argon was then added 
to  the plasma source until the waves returned, and the p re s su re  w a s  ad- 
justed to  yield the same  plasma wavelength of 2 cm.  
was found to  have decreased from 5 .1  dB per  wavelength to 3 .6  dB  pe r  
wavelength. This corresponds t o  a ra t io  of e lectron tempera tures  of M 0.4 .  
A di rec t  measurement  of the slope of the electron-energy distribution func- 
t ion,  using an electron-energy analyzer mounted behind the ion t rap,  gave 
a rat io  of x 0 . 7 .  The partial-dispersion curve taken with argon (shown in 
F ig .  6) has  a n  unusual curvature and thus is somewhat suspect.  We plan 
to  continue the argon admixture experiments on the lower branch, with 
slightly improved instrumentation and in  a m o r e  quantitative fashion. 
w i l l  then look at  the effects on the upper branch (cyclotron family) result ing 
f rom the addition of argon o r  other gas, to  s ee  if  t he re  is  a l so  collisionless 
damping of these waves, and if  so,  whether it can be decreased at la rge  
wavenumbers by decreasing Te. 

We have a l so  

5 eV. Evidence fo r  the 

A frequency of 240 MHz, yielding 
The H2 par t ia l  p r e s s u r e  was decreased 

The wave attenuation 

We 

During the wave t ransmission experiments,  we have observed that 
the received signal exhibits strong noise modulation in the frequency range 
of a few tens  of kilohertz. 
direct ly  observed by our exceedingly narrow band rece iver ,  but the t r ans -  
miss ion  i s  nevertheless  amplitude-modulated by it. 
a r e  using for  these experiments is very quiet by usual experimental stand- 
a r d s ,  it i s  certainly very  much noisier than a theoretical  plasma in the rma l  
equilibrium. A quieter plasma would make the experiments easier .  The 
p lasma a lso  has  a density dependence i n  the longitudinal direction, due to  
the fact that the ions a r e  diffusing radially as they dr i f t  through the machine.  
A careful  analysis indicates that this diffusion is much too rapid t o  be 
caused by binary collisions and must be due t o  some anomalous diffusion 
p rocess .  
problems.  F o r  these two reasons,  w e  have undertaken to  study in some 
detai l  the nature of the noise in the machine in this frequency range. 
have been able to  establish that the plasma exhibits a fully developed in- 
stability, o r  what should perhaps be called a stable dynamic motion. 
plasma rotates  with a sma l l  amplitude around the symmetry axis of the 

As previously pointed out, this noise i s  not 

While the plasma we 

This kind of enhanced diffusion i s  of great  interest  for pract ical  

We 

The 
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machine, The rotation 
i s  in the E X B direction, and the frequency is consistent with the radial  
e lectr ic  field produced by the  plasma potential and the longitudinal mag- 
netic field due to the main coils. In the language of instability analysis,  
this i s  probably a fully developed m = 1 flute instability. 
number of schemes for  shutting off this instability. One that appears to  
work i s  a rearrangement  of the machine geometry to make the plasma 
collision-dominated for a few inches a t  the source end. 
short  circuits electric fields across  the magnetic field l ines.  
circuiting i s  theoretically known to stabilize flutes. These experiments 
a r e  s t i l l  in progress  and not yet definitive. It does not appear to  be abso- 
lutely necessary to suppress this  instability in  order  to  extend our mea-  
surements  on the cyclotron waves. However, we would expect that reduc- 
ing the effect would make these experiments eas ie r ,  and we intend to pur- 
sue this approach somewhat further.  

with a frequency in the range 30 to 50 kH,. 

We have t r ied a 

Presumably,  this 
This short 

, 
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APPENDIX I 

c CYCLOTRON WAVES IN A COLLISIONLESS PLASMA+ 

Abstract 

The propagation characterist ics of spacecharge waves i n  a long 
collisionles s plasma column' have been studied over the frequency range 
90 t o  520 MHz. The collisionless damping of these waves has previously 
been reported,  
t o  a n  injected electron beam having a velocity spread ,  3 has been investi- 
gated. 
slightly above the cyclotron frequency Wb. 
tudinal, with velocities ranging from 3 X l o8  to  l o l o  cm-sec- '  over the 
frequency range. 
which seems to  be directed by the plasma column and which may be a 
whist le r . 

Recently the growth of the wave amplitudes i n  space,  due 

In this paper ,  w e  report the appearance of a wave at frequencies 
The wave appears  t o  be longi- 

There is also a wave a t  frequencies slightly below "b, 

'Wharton, C. B. , and J .  H. Malmberg, Pape r  presented at APS 
meeting, Division of Plasma Physics ,  New York, November 4-7,  1964. 
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APPENDIX I1 

LANDAU DAMPING OF ELECTROSTATIC MODES 
WITH FINITE SYSTEM EFFECTS 

The following situation is to be considered: A plasma is confined 
by a finite magnetic field directed along the z-axis.  We a r e  interested in  
two cases ,  those of (a)  two-dimensional (slab) and (b) cylindrical geometry. 
Assume that the cross-sectional electron distribution n drops off a s  some 
smooth function ( e .  g . ,  Gaussian) away f rom the center of the plasma. 
is required to  find the damping rates y for longitudinal modes propagating 
in  this  system a s  a functional of the measured density profile and electr ic  
pot e nt ial . 

It 

We s t a r t  with Laplace' s equation 

vq = 0 

In case ( a ) ,  for  the potential, we write 

ik,, z - i w t  
(o = $(x) e 

W e  a s sume  Maxwellian velocity distributions with ion temperatures  not 
substantially la rger  than electron tempera tures ,  so only the electron con- 
tribution to  f need be retained. Then in the long wavelength approximation, - 

e is given by 1 - - 
€ = x x € p - z z € , ,  A h  A A  , - - (4) 
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4 

w h e r e  

2 
2 w  

= 1 t 1 2 In(z) xn [l t xn Z(x )] (I1 Wkll n 
n = -0  
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Here up is  the electron plasma frequency, = (4rre2/m) n(x); ne i s  the 
electron cyclotron frequency; v = 2KT/m; T 

2 KI KT 
3 << 1 ; z =  

o - n n  
e >> 1 (unless u% noe) ,  by Eq. (3 )  ; x =  

kllVT 

Z i s  the plasma dispersion function of Fr ied  and Conte, defined by 

asymptotically for large argument; and In i s  the Bessel function of imagi- 
nary argument of nth order ,  

2 
I ( z )  - ( z / 2 p  [ l  t O ( z  ) ]  . 
n 

Corrections t o  both f 

and of In a r e  smaller  by - [ k I I  V T / W ) ~  or [kil ../(w - oe)l2 and - ( k L v T / n e ) 4 ,  
r e  spe ct ively . 

and f from the next t e r m s  in the expansion of Z 
I 

Corrections from higher harmonics ( In I > 1) a r e  exponentially 
smal l  unless nGewu for  some n; these a r e  s t i l l  negligible since we a r e  
examining only modes propagating along the axis of the system(klz 0) .  

Substituting Eqs. (2)  and (4) in Eq. ( l) ,  we obtain 

Solution of this equation for  some given density profile n(x) in the limit 
T -0  would yield the dispersion relation and analytic form of @(x) for the 
undamped modes which can propagate; however, difficulties of a mathe- 
mat ical  nature prevent us  from carrying out the calculation. 
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. 
It i s  nevertheless possible t o  utilize Eq. (7) in a variational calcu- 

lation which gives the damping ra te  y .  
approximate form 

To do this,  rewri te  Eq. (7) in  the 

Here ,  

L\k = ( L  t L 1 ) 9  = f(w)\E . ( 8) 
0 

f ( w )  = k 1 , 2  11 - w P 2/u2) , 

and we wri te  w =  wo t i y ,  y /wo  << 1 . 
nary par t s  of L: 

Lo and L1 a r e  the r ea l  and imagi- 

2 
Lc! 

wo2 - 0 e 

0 P 
2 ,  

6 = 1 -  d o d  L = -  
o dx €1 dx ' I 

and 
d 1 d  2 1  

€ 1 1  ; 
L = i - €  - -  i k l l  

1 dx I dx 

Now consider the equation 

which descr ibes  the potential function of undamped waves propagating at  
T = 0 .  
f rom -0) t o  t w :  

::< 
Multiply Eq. (8) by \Lo ( X ) ,  Eq. (9 )  by Q"(X), integrate over x 

m m 

4 
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Since Lo i s  self-adjointJ 

We can use the smallness of y to  write 

Subtracting Eq. (11) f r o m  Eq. ( l o ) ,  using Eqs. (12) and (13),  and approxi- 
mating Q o  % \k we find 

Write 

and  integrate by par ts  in the L1 te rm to get 

25 



4 This may be solved for y a s  

where 

2 
P 

G = k,12J  dx LL) 

- 0 )  

The second exponential which occurs  i n  
than the f i r s t ,  unless 

or ,  by Eq. (31,  

Q(x) I 2  - (18) 

cI i s  exponentially smal le r  

where Re  i s  the electron Larmor  radius.  
and drop the te rm.  

We as sume  this i s  not the case  

F o r  an approximately homogeneous plasma in  which ne >7 the 
P '  dispersion curve looks like 

. 

. 
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I -  

- 

On the lower brancri, wo < <  n e ,  and the equation for y reduces to  

*O (;)4 F t G 

On the upper branch, wo ne 

If w 
on tRe lower one, wo 5 ne , and 

.> IIe through the bulk of the plasma, there  a r e  still two branches; 

Lcr 
0 

4 
w .. 

0 
F t G  

On the upper branch, wo >> ne, andEq.  (16) does not simplify. 

In case (b), we a s sume  the potential is azimuthally symmetr ic :  

(22)  
ik,, z - io t  

cp = *(r)e  

and Eq. (7) becomes 

Here  
s ions 2 i s  diagona1,and cYy M c,, = 

and cI a r e  again given by Eqs. (5) and (6) ,  since in  three  dimen- 
in the approximation ( 3 ) .  
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The variational calculation goes through unchanged, except that now 

The result  is identical to  Eq. (16), where, however, we now must r e -  
place Eqs.  (17) and (18) by 

The formula for y simplifies just  a s  before,  when we specialize 
considerations. 

Case (b) may be generalized without difficulty to  include azimuthal 
dependence in Q .  

One final word of caution should be added. In replacing w by oo in  
the exponentials, it  has  been assumed that y / k l l u T  << k,,VT/w, . 
inequality does not hold, then the replacement i s  invalid, and Eq. (16) be- 
comes transcendental and y i s  in general  complex: 
ing ra te  and R e ( u  - wo) i s  a frequency shift. 

If this 

I m ( o -  wo) i s  the damp- 

Appendix I1 
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APPENDIX 111 

LANDAU GROWTH RATE FROM ELECTRON BEAM 
WITH RADIALLY DEPENDENT ENERGY 

We imagine that a low temperature beam of electrons moving 
paral le l  to B is superposed on the Maxwellian which i s  considered in 
Appendix 11. 
assume that i t  i s  cylindrically symmetric,  the par t  of the electron d is t r i -  
bution function arising from the beam has the form 

4 

If we ignore thermal motion within the beam altogether and 

f (v  , r )  = D(r)b[v -v -a(r)) , 
b II II 0 

where a ( r )  t vo is the velocity with which par t ic les  a t  a distance r f rom 
the axis of the system a r e  moving; we assume a(0) = 0. In general ,  a ( r )  
w i l l  increase with r ,  since we may imagine the beam to have a r i s en  as  a 
resu l t  of shooting electrons from an  electron gun into a po.tentia1 profile 
something like that shown in Figure 1.  

- V  

- r  

Figure 1 

We a r e  pr imari ly  interested in simple modes which propagate 
through the plasma a s  a whole, that i s ,  in which all the electrons in a 
cross-sect ional  sl ice participate. This being the case,  we may expect 
that  for a beam distribution function which var ies  radially a s  does Eq. ( l ) ,  

2 9  



the wave will see an effective distribution averaged over r .  In the case 
interest ,  the local beam density is much smaller than the density of the 
background M axw ellian , and 

To include the effects of the beam, we r e t r ace  the argument lead- 
ing to Eq. (16)  of Appendix II. i f  we assume wo << 0, so that only the 
lower branch contributes to y ,  the equation becomes 

3 7 

Of 

. 

where 

G ' = / r d r w  2 2  I(I1 . 
P 

0 

Equation ( 3 )  reduces to the usual expression for l inear Landau 
damping, since G'  cancels. However, i f  we write Eq. ( 3 )  for  a general  
distribution function, it takes the fo rm 

where s is the usual dielectric function 
I I  

3 0  
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When we write f = fmtfbeam, the contribution of the beam to the growth 
(decay) rate is, for y € <  oo, 

where 

g = D ( r )  6 [ o  v - v - ~ ( r ) ]  . 
In calculating 1/G', we can ignore fb, since the beam density is much 
smaller than the background density. 

Equation (5) may be rewritten in o rde r  to investigate particular 
choices of a ( r )  and D(r) .  
increasing, so that 

To do this we assume that a ( r )  is  monotone 

1 
6 C V  - vo - a( r ) ]  =- 6 ( r - r  ) # 

0 

where a(r ) = v-v and a' = d a / d r .  Then integrating by pa r t s  we have 
0 0 

3 1  



. 

We can write 

so  

This shows that the contribution to y for a particular phase velocity uo/k 
comes f rom particles at a distance ro  sufficient to make 

@O 
v t a(ro) = . 
0 

F o r  uO/k < vo, there  a r e  no such particles,  since a(r) > 0; S O  if 
r D ( r ) / a '  ( r )  > 0 as  r -, 0 ,  there  i s  a jump in the effective velocity distribu- 
tion, yielding a 6 function dependence in y .  
our assumption that the beam had ze ro  temperature;  as will be seen below, 
it i s  smoothed out for  finite beam temperatures .  

This 6 function resul ts  f r o m  

. 
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4- Following Figure 1, let us examine some plausible choices for  
a(r). We assume D(r) = D, a constant, and assume that u and I$ l 2  a r e  
roughly constant out to some value r = R .  

P 

The f i r s t  choice i s  

1 
Then ( r )  = 2Ar, and r = (v-vo/A)”. We see  that there  is a jump in the 
effective distribution, since 0 

l im [&)I = 1 = const. 

r - Ot 
Formula (6) yields 

2 
D h I 2  w 

2 

P [6(ro) - 6 ( r  -R)] . (8) 
- - ‘L (2) 1 

GI 2 2 [A(v-v )] ’ 2A 0 
1 

beam 0 

This  growth rate  is shown in Figure 2.  

Figure 2 
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The peak at ro = R is of course rounded i f  we retain a realist ic 
radial  dependence f o r  w I C  1'. P 

F o r  the second choice of a(r), we argue a s  follows: a n  electron 
w i l l  have kinetic energy 

1 2  - m v  = E  - V ,  
2 0 

( 9 )  

where Eo is the "muzzle1' energy of the electron gun and V is shown in 
F igure  1. If V has  roughly parabolic dependence on r ,  then 

Thus 

2 2 2 %  
o((r) = (vo t v r - v ; 

0 

2 

r r 
2 2  9 '  

( v ' t v r )  0 

Now Formula ( 6 )  tells us that for  0 r < R,  
0 

3 
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This  growth rate  is  represented in  Figure 3 .  

V 
0 

wo 
k 

Figure 3 

It is desirable t o  make a beam which leads to  slowly varying, 
bounded values of y ( to  which the "gentle bump" quasi-l inear theory applies). 
Let us consider the effect of including finite, though small ,  beam tempera- 
t u re .  

In f b t  D(r)6 ~ - v 0 - ( y ( r ) ]  , we replace 6 by 6 € '  defined by 

W e  can examine the lowest order correction in E :  

2 
€ 

M f(0) t - 4 fIl(0) , 

3 5  



. 

s o  

2 
€ 

bc(x) w 6(x) t 4 bl'(x) . 

Again using 

the correction t e r m  becomes 

F o r  the f i r s t  case above, 01 = Ar2,  the correct ion i s  

2 9 1 - -  
3 4 G t 2  P 

2 2 *  for the second example, CY = (v t V r ) - vo, the correction i s  
0 

- 2  w -4 
w 

2 

t l 2 ( f )  w ( -$-vo)  w - 6 ( f - v 0 )  -(f12] . 

Both corrections a r e  negative and blow up a t  uO/k = vo, thus tending to  
cancel the 6-function at ro= 0 .  

It i s  not necessary to t r ea t  finite beam tempera ture  to  remove the 
If a template i s  peak in y . Thus f a r  we have taken D(r) to  be a constant. 
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placed before the s t ream of electrons.from the electron gun, it can screen 
some out, so that D ( r )  may vanish at  r = 0.  F o r  example, let the template 
have the form shown in Figure 4. 

h 

Then D( r )  - 4 

Y 

Figure 4 

2 Now, i f  w 19 I gradually decreases  with the increase  of r (in- 
stead of sharply Zropping at r = R ) ,  we have f o r  y a curve of the form 

Figure 5 

3 7  



Note that the a rea  under the curve sums to zero.  This follows 
f rom Formula ( 6 ) ,  which expresses  y a s  a total  derivative with respect to  
v of a quantity which vanishes a s  v 4 vo and v -+ 0. 

3 8  
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